arXiv:1508.07417vl [math.OA] 29 Aug 2015 


Bernoulli crossed products without almost periodic 

weights 

BY Peter Verraedt* 

KU Leuven, Department of Mathematics, Leuven (Belgium), peter.verraedt@wis.kuleuven.be 


Abstract 

We prove a classification result for a large class of noncommutative Bernoulli crossed 
products {P, (p)^ XI A without almost periodic states. Our results improve the classification 
results from [VV14], where only Bernoulli crossed products built with almost periodic states 
could be treated. We show that the family of factors (P, (p)^ xi A with P an amenable factor, 
p a weakly mixing state (i.e. a state for which the modular automorphism group is weakly 
mixing) and A belonging to a large class of groups, is classified by the group A and the action 
A cv- {P,p)^, up to state preserving conjugation of the action. 

1. Introduction 

Distinguishing different von Neumann algebras is one of the main research goals in operator 
algebra theory. One of the main achievements in this direction was made by Popa, whose 
deformation/rigidity theory provided powerful classification results for type Hi factors such as 
group measure space constructions L°°{X) xi L of free ergodic probability measure preserving 
actions L r\ Popa’s deformation/rigidity theory has later been combined with modular 

theory to study type III factors, such as group measure space constructions for nonsingular 
actions [HV12], Shlyakhtenko’s free Araki-Woods factors [Hou08] and free quantum group factors 
[Isold]. In the same spirit, Stefaan Vaes and the author provided a classification result for 
noncommutative Bernoulli crossed products constructed with almost periodic states [VV14]. 

However, obtaining a full classification for families of type HI factors without using the existence 
of almost periodic states, is extremely difficult. Even the free Araki-Woods factors are only fully 
classified when the underlying one-parameter group is almost periodic [Shl96]. Likewise, the 
classification of noncommutative Bernoulli crossed products in [VV14] depends heavily on the 
fact that they have a discrete decomposition N xi P, with P a discrete group acting on a type Hoc 
factor N. To go beyond almost periodic states, essentially new techniques are required. In the 
current paper, we provide a new argument showing classification results for Bernoulli crossed 
products with states that are not almost periodic. 

The noncommutative Bernoulli crossed products, introduced by Connes [Con74], are constructed 
as follows. Let {P, p) be any von Neumann algebra equipped with a normal faithful state p, 
and let A be a countably infinite group. Then take the infinite tensor product = ^g^\P 
indexed by A, with respect to the state p. The group A acts on P^ by shifting the tensor 
factors. This action is called a noncommutative Bernoulli aetion, and the factor P^ xi A is called 
a Bernoulli crossed product. In [VV14] it was shown that if p is an almost periodic state, then 
the factors (P, pY^ xi F„ are completely classified up to isomorphism by n and by the subgroup 
of Eq" generated by the point spectrum of the modular operator A,^. 
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In this paper, we are able to improve this classification and to also include Bernoulli crossed 
products for which the state (p is not almost periodic. In this setting, the Bernoulli crossed 
product X A is always of type Uli (see Lemmas 2.4 and 2.8 below), and does not admit any 
almost periodic weight (see Remark 2.10). Our classification thus yields many nonisomorphic 
factors of type IIli without almost periodic weights. The first result that we obtain, is a noniso¬ 
morphism result for Bernoulli crossed products (P, x A where the state p is weakly mixing, 
i.e. the modular operator of the state p has no nontrivial finitely dimensional invariant sub¬ 
spaces. We denote by C the class of groups defined in [VV14, Section 4]. All groups in the class 
C are nonamenable, and the class C contains all weakly amenable groups T with /3) RT) > 0 
[PVll], all weakly amenable, nonamenable, bi-exact groups [PV12] and all free product groups 
P = Pi *r 2 with iPil > 2 and |r 2 | > 3 [Ioal2]. In particular, it contains all nonelementary hy¬ 
perbolic groups, such as the free groups F„, n >2. Moreover, class C is closed under extensions 
and commensurability. 

Theorem A. The set of factors 

{ (P, p)^ X A I P a nontrivial amenable factor with a normal faithful weakly 
mixing state p, and A an icc group in the class C } 

is exactly classified, up to isomorphism, by the group A and the action A r\ (P, p)^ up to a state 
preserving conjugacy of the action. 

In particular. Theorem A implies that the state p^ on can be retrieved from the factor 
{P,p)^ X A. 

More generally, we also obtain the following optimal classification result for general states p on 
the base algebra. For every nontrivial factor (P, pi) equipped with a normal faithful state, we 
denote by P(/),ap C P the almost periodic part of P, i.e. P,ji,ap is the subalgebra spanned by the 
eigenvectors of A^, 

^0,ap = (span IJ {x G P I af{x) = 

We obtain the following main theorem, classifying all Bernoulli crossed products with amenable 
factors (P, p) as base algebra, under the assumption that the almost periodic part of the base 
algebra, P^^ap; is a factor. This assumption is equivalent to the assumption that the centralizer 
(P^)^/ of the infinite tensor product P^ w.r.t. p^ is a factor, see Item (ii) below. 

Theorem B. Let (Po,po) and {Pi, pi) be nontrivial amenable factors equipped with normal 
faithful states, such that (Po)(/)o,ap and (Pi) 0 i,ap are factors. Let Aq and Ai be icc groups in the 
class C. 

The algebras Pq° x Aq and P^^ x Ai are isomorphic if and only if one of the following statements 
holds. 

(a) The states po and pi are both tracial, and the actions A* rr (Pj, pi)^* are cocycle conjugate, 
modulo a group isomorphism Aq = Ai. 

(b) The states po and pi are both nontracial, and there exist projections pi G (P/^*) such 

that the reduced cocycle actions (A* r\ {Pi,pi)^*)P^ are cocycle conjugate through a state 
preserving isomorphism, modulo a group isomorphism Aq — Ai. 

Remark that the actions Aj P^^ are outer, and under the conditions of the theorem, the 
centralizer of Pf^^ w.r.t. pf'^ is a factor. Hence, the reduced cocycle action (Aj r\ {Pi, pi)^*)P^ 
makes sense, and is well defined up to cocycle conjugation, see Section 2.1. 
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Note that if the centralizers of w.r.t. are trivial, then we automatically get conjugation 
of the two actions. In particular, Theorem A is now a direct consequence of Theorem B, since if 
(p is a weakly mixing state on P, then P(j>,ap = C is the trivial factor, and hence the centraliser of 
w.r.t. (j)f' is also trivial. More generally, if the group A* is a direct product of two icc groups 
in the class C, we can apply Popa’s cocycle superrigidity theorems and also get conjugation. We 
obtain the following result, analogous to Theorem B in [VV14]. 

Theorem C. The set of factors 

{ {P, (p)^ N A I P a nontrivial amenable faetor with normal faithful state (p 
sueh that P^^ap is a factor, and A a direct product of two icc 
groups in the elass C } 

is exaetly elassified, up to isomorphism, by the group A and the aetion A (P, (p)^ up to a state 
preserving conjugaey of the action. 

For two-sided Bernoulli actions A x A P^, we get the following improvement of Theorem C in 
[VV14]. Note that even in the almost periodic case, we obtain a strengthening, as we can remove 
the condition that A has no nontrivial central sequenees. A central sequence in a group A is a 
sequence gn & di. such that for all h G A, gnh = hgn eventually. The absence of such sequences 
ensures that the crossed product M = P^ x (A x A) is a full factor, i.e. that Inn(M) C Aut(M) 
is closed for the topology given by ^ « if and only if M'lp G M* ; ||' 0 oa„ — ' 0 oa|| —)■ 0 
(see [Con74]). Since we do not require that A has no nontrivial central sequences, the following 
result possibly yields a class of nonisomorphic type IHi factors that are not full. However, there 
are probably no groups with central sequences in class C. 

Theorem D. The set of faetors 

{(P, (p)^ X (A X A) I Pa nontrivial amenable factor with normal faithful state (p 

sueh that P^^ap is a factor, and A an icc group in the elass C } 

is exactly classified, up to isomorphism, by the group A and the pair (P, (p) up to a state preserving 
isomorphism. 

The proofs of the above nonisomorphism results all make use of Tomita-Takesaki’s modular 
theory and the continuous core of type HI factors. We first use the main results of [PVll, PV12, 
Ioal2] providing unique crossed product decomposition theorems for factors of the form P x A, 
where A P is an outer action on the hyperfinite Hi factor P of a group A in class C. We 
then obtain a cocycle conjugation isomorphism tp : P^ x M ^ P^ x M between the induced 
actions A pA x M on the continuous cores. Using the spectral gap methods of [Pop06], 
we obtain mutual intertwining ^p(LM) -< LM, LM -< 'ip{L'E.), see Lemma 3.1 below. Under the 
assumption that the almost periodic parts (Pi) 0 j,ap are factors, we are able to deduce that the 
actions A pA must then be cocycle conjugate, up to reductions, see Lemmas 3.3 and 4.2. 

Recently, Houdayer and Isono [HI15] introduced intertwining techniques in the general type IH 
setting. While it is tempting to use these interesting techniques to prove the nonisomorphism 
results in the current article, there are two obstructions to do so. Firstly, the main intertwining 
theorems for group actions on type Hi factors [PVll, PV12, Ioal2] do currently not have general 
analogues in the type III setting. Secondly, it is unclear whether a direct type III approach would 
allow to recover a state preserving conjugaey, as in the above theorems. After all, in our situation, 
we do have ‘favorite’ states, in contrast to the unique prime factorization problem studied in 
[HI15]. 
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2. Preliminaries 

All mentioned von Neumann algebras are assumed to have separable predual. 

2.1. Cocycle actions 

Let M be a von Neumann algebra equipped with a normal semifinite faithful (n.s.f.) weight (p. 
We denote by Aut(M) the group of automorphisms of M, and by Aut(M, y?) the subgroup of 
weight scaling automorphisms of M, i.e. automorphisms a for which there exists a A G such 
that (p o a = Xp. Equipped with the topology where a net an G Aut(M) converges to a if and 
only if for every if) G M*, ||'0 o o q;|| converges to zero, Aut(M) and Aut(M, p) become 

Polish groups. 

Let G now be a locally compact group. A cocycle action of G on (M, p) is a continuous map 
a : G ^ Aut(M, p) : g ag and a continuous map v : G x G ^ U{Mg,) such that: 

«£ = id, agoah = Ad Vg^h o agh, Vg, h,k gG, 

'^g,h'^gh,k ~ OigiVh,k)Vg,hk- 

Here, Mg, denotes the centraliser of p. Such an action is denoted by G {M,p). A strongly 
continuous map v satisfying the above relations is called a 2 -cocycle for a. If n = 1, a is called 
an action. 

Two cocycle actions G {Mi,pi) and G (M 2 ,(^ 2 ) are cocycle conjugate through a 

weight preserving isomorphism if there exists a strongly continuous map u : G ^ ZY((M2)<^2) 
and an isomorphism xjj : (Mi, pi) —)■ (M 2 , P 2 ) satisfying P 2 ° = Pi and 

Tp o Ug = Ad Ug o Pg o 1/), h G G, 

i’{Vg,h) = Ugl3g{Uh)Wg^hU*gh- 

If (5 : Gi —)■ G 2 is a continuous isomorphism, we say that the cocycle actions Gi (Mi, pi ) 

and G 2 {M 2 ,P 2 ) are cocycle conjugate modulo 5, if the actions a and /3 o d of Gi are 

cocycle conjugate. 

An automorphism a of M is called properly outer if there exists no nonzero element y G M such 
that ya{x) = xy for all x G M. A cocycle action T (M, p) of a discrete group is called 

properly outer if ag is properly outer for all 5: G T, / e. 

Assume now that (M, p) is a von Neumann algebra with an n.s.f. weight for which Mg, is a factor. 
Consider a properly outer cocycle action T (M, p) of a discrete group T, that preserves 

the weight p. Suppose that p G Mg, is a nonzero projection with p{p) < 00 , and choose partial 
isometries Wg G Mg, such that p = WgW*, ag{p) = w*Wg, We = p- Let : G ^ Aut{pMp, pp) 
be defined by 0 (g{pxp) = Wgag{pxp)Wg, for x G M, where Pp{pxp) = p{pxp)/p{p). Denote 
Vgh = '^g(^g{wh)vg,hWgh £ pMg,p, for g,h G G. Then G {pMp,pp) is a properly outer 

cocycle action, which does not depend on the choice of the partial isometries Wg G Mg,., up to 
state preserving cocycle conjugacy. We call this action the reduced cocycle action of a by p. 

We say that two properly outer cocycle actions T {Mi,pi) and T rxh,w (^M2,P2) of a 

discrete group T are, up to reductions, cocycle conjugate through a state preserving isomorphism, 
if there exists projections pi G {Mi)g,g such that the reduced cocycle actions and (3^^ are 
cocycle conjugate through a state preserving isomorphism. 

2.2. Popa’s theory of intertwining-by-bimodules 

Let {M,t) be any tracial von Neumann algebra, and let P C IpMlp and Q C IqMIq be 
von Neumann subalgebras. Following [Pop03], we write P -<m Q if there exist a projection 
p G Mn{C) (8> Q, a normal unital ^-homomorphism 9 : P ^ p{Mn{C) <8> Q)p and a non-zero 
partial isometry v G Mi_„(C) ( 8 > IpMlg satisfying av = v 9 {a) for all a G P. 
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We recall from [VV14] the definition of the class of groups C. 

Let (M, r) be a tracial von Neumann algebra. For every von Neumann subalgebra P C M, 
we consider the normaliser Mm{P) = {u G U{M) \ uPu* = P}. The Jones index of a von 
Neumann subalgebra P <Z M is defined as the P-dimension of L‘^{M) as a P-module, computed 
using the given trace r. An inclusion P C M is said to be essentially of finite index if there exist 
projections p G P' DM that lie arbitrarily close to 1 such that Pp C pMp has finite Jones index. 
We call A <G M a virtual core subalgebra if A' n M = Z{A) and if the inclusion Mm (A)" C M 
is essentially of finite index. 

Definition 2.1 ([VV14]). We say that a countably infinite group F belongs to class C if for 
every trace preserving cocycle action F r\ (P, r) and every amenable, virtual core subalgebra 
A C p{B X F)p, we have that A B. 

Recall that all groups in the class C are nonamenable, and that class C contains all weakly 
amenable groups F with '(F) > 0 [PVll], all weakly amenable, nonamenable, bi-exact groups 
[PV12] and all free product groups F = Fi *r 2 with |ri| > 2 and IF 2 I > 3 [Ioal2]. Moreover, 
class C is closed under extensions and commensurability. We refer to section 4 of [VV14] for 
more details. 

We will also need the following elementary lemma. 

Lemma 2.2. Let N he a finite von Neumann algebra. If A, B C N are abelian subalgebras with 
A = (A' n N)' n N, B = {B' n Nf n N and A B, then there exists a nonzero partial isometry 
w G N with ww* G A' n N, w*w G B' Ci N and Aw C wB. 

Proof. Let A,B C as in the statement of the lemma. Denote by P and Q the relative 
commutants of A and B, i.e. P = A' Ci N and Q = B' Ci N. Since A B, we also have that 
Q P-, see [Vae07, Lemma 3.5]. Hence, we find projections p G P,q G Q, a partial isometry 
V G N with vv* < q, v*v < p and a normal unital *-homomorphism 9 : qQq -G pPp satisfying 

XV = v9{x) for all x G qQq. 

Note that vv* G {qQq)' H qNq = qB. Write now D = 9{qQq)' lipNp and / = v*v G D, then by 
spatiality, we have 

fDf = {e{qQq)f y n fNf = (PQu)' n fNf = v*{qB)v. 

Hence / is an abelian projection of D. Note that pA C P is an abelian subalgebra. Take now 
C <Z D a maximal abelian subalgebra satisfying pA C C, and observe that necessarily C C pPp. 
Since P is a finite von Neumann algebra, we find a partial isometry vi G D such that = / 
and v\Dvi C C, see e.g. [VaeOG, Lemma C.2]. Put w = vvi, then we still have 

xw = w9{x) for all x G qQq, 

since vi commutes with 9{qQq), and ww* = vfv* = vv* G qB C qQq. Moreover, now we obtain 
w*w = Vifvi G C C pPp. We get that w*{qQq)w C pPp, hence ww*Qww* C wPw*. Taking 
the relative commutants in ww*Nww*, we obtain that wAw* C ww*B, hence w* is the desired 
partial isometry. □ 

2.3. Takesaki’s modular theory 

Let M be a von Neumann algebra equipped with a normal semifinite faithful (n.s.f.) weight 
ip. Denote by : M. r\ M the modular automorphism group associated to ip. The associated 
crossed product M x M of M with the action is called the continuous core. We denote by 
TTo- : M —)■ M X M the canonical embedding, and by {X{t))t<=M. the canonical group of unitaries 
such that TTa{o'f{x)) = X{t)Tra{x)X{t)*. 
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Consider to be the dual of M under the pairing for t G M, G and let 

: R^ r\ M xi R be the dual action to We have by Takesaki duality [TakOSa, Theorem 
X.2.3] that 

(M X R) X R+ ^ M ® 5(l2(R)) 

by the isomorphism <1> : (M x R) x R^ M ® i?(L^(R)) given by 

{^{TT^oT,„{x))i}{t) = {at)-\x)m, xGM, ^eL\R,L\M)), t G R, 

{^>(7rg= o A(s))C}(t) = - s), sGR, (2.1) 

= {t,n)({t), /iGR([. 

Here h£m.+ is the canonical group of unitaries in the second crossed product. 

There exists an n.s.f. trace on M x R such that 

Tr^ oa^ = Tr;^ for all /i G R^, 

and such that the dual weight Tr^ (see [TakOSa, Definition X.1.16]) on (M xR) xR)]" corresponds 
under the duality to the weight ip (8> Tr(/i-) on M (g) H(L^(R)). Here h is the hermitian 
operator given by K'^ = X{t) G H(L^(R)), with X{t) the left regular representation defined by 
(s) = f{s - t) for / G L‘^{R). 

The following lemma is well known. For a proof, see e.g. [HRIO, Proposition 2.4]. 

Lemma 2.3. Let {M,ip) be a von Neumann algebra equipped with a n.s.f. weight. Then (LR)'n 
M x<^v> R = Mp0LR. 

2.4. Structural properties of infinite tensor products 

Let (P, (j)) be a von Neumann algebra with a normal faithful state (f. Whenever / is a countable 
set, we write for the tensor product of P indexed by I with respect to (f. The canonical 
product state on P^ will be denoted by . In this section, we study the structure of the infinite 
tensor product {P^,4>^). The first result we get, is a type classification for these infinite tensor 
products. We show in particular that such tensor products never yield a factor of type IIlo. This 
result is probably well known, but we could not find a reference in the literature. 

Lemma 2.4. Let {P, (f) be a nontrivial factor equipped with a normal faithful state, and let I 
be a countable infinite set. The factor {P, (fY is of type 

Hi if (j) is tracial, 

HIa, a G (0,1) if (j) is nontracial and periodic with period o-nd 

nil if 4> is not periodic. 

Moreover, denoting by P^ >iM. the crossed product with the modular action of (fY we have that 
Z{P^ X R) = L{G), where G <R is the subgroup given by G = {t G R \ af = id}. 

Proof. Put (f = (j)^. If (/> is tracial, then clearly 99 is a trace on (P, cfY, hence (P, cfY is a type Hi 
factor and clearly Z[P^ x R) = L(R). Assume now that (f is not tracial. Then {P,(f)Y cannot 
be semifinite and thus is a type III factor, see e.g. [TakOSb, Theorem XIV.1.4]. 

Identify / = N and let N = P^ x R denote the crossed product w.r.t. the modular group ai’Y 
For every n G N, let an denote the ^-isomorphism N ^ [P Z P^) x R defined by 

CXnizYZkXk)) = T^a{xn Z {xq Z Xi Z ■ ■ ■ Z Xn-1 Z Xn+1 < 8 ) ' ' •)), 
an{X{t)) = X{f), 


for Xk G P, 
for t GR. 
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Let L : N ^ (1 0 P^) xi M C (-P ( 8 > -P^) xi M be the canonical embedding, and remark that 
for all X £ N, anix) —)• i{x) *-strongly. Then for every element x G Z{N), we have that 
l{x) G Z{{P0 P^) XI M), and in particular [i{x),Tr„{a (g) 1)] = 0 for all a £ P. 

For any uj £ P*, denote by ev^ : L^(]R, P Z P^) —?• P^(M, P^) the linear map given by applying 
a;( 8 )id to P®P^ diagonally. Also denote by T; L^(R, P^) -£■ L^(R, PZP^) the map induced by 
t. The above now means that for a £ P, ev^; o Tr^j^a (g) 1) oT commutes with Z{N), when acting 
on L‘^{N). But note that 

{(ev^^ o 'K^{a® 1) oT)^}(s) = u{ats{a))i{s) for ^ G L^(M, L^(P^)). 

This means that Z{N) C (l(g)P>)'ni?(L^(A^)), where D C L°°{R) is the von Neumann subalgebra 
generated by the functions t i-A u}{a'tt{a)) for uj £ P7,a G P. On the other hand, we have by 
Lemma 2.3 that Z{N) C (PM)' D N = {P^),^ <g) PM. Combining both facts, we obtain that 
Z{N) C (P^)<^ ® PM n (1 (g) D)' = (P^)^ z (PM n D'). 

We now make the following case distinction. Case 1: The state (p is not periodic. In this case, 
the functions t i-A uj{a'tt{a)) for uj £ P^,,a £ P separate points of M, and hence we have that 
D = P°°(M). In particular, PM n D' = C, meaning that Z{N) C {P^),p. As P^ is a factor, we 
conclude that N is also a factor, and hence P^ is of type IHi. 

Case 2: The state (p is periodic with period T > 0. Then D consists of all bounded functions 
/ G P°°(M) that are T-periodic, i.e. f{s) = f{s + T) for all s G M. In particular, D contains 
the function f :t ^ exp(^^). Using the Fourier transform PM = P°°(M), it is now easy to see 
that PM n D' C PM n {Mj}' = P(rZ), and hence Z{N) C {P^),p ® L{T7j). Using the Fourier 
decomposition of elements in P^ x TZ, we now can conclude that Z{N) = L{T'L), and hence 
P^ is a factor of type IEa with X = e~^. □ 

For ^ G M((", we denote by P^^/^ the eigenvectors of for ^u, i.e. 

= {x £ P \ A^x = ^x} = {x £ P \ iT 0 (x) = 

Note that P(i>,J^ = {^ G L?‘{P,p) \ Recall that a state p is called almost periodic 

if A^ is diagonalizable. In general, we define P(/,,ap C P as the subalgebra spanned by the 
eigenvectors of A^, i.e. 

^ 0 ,ap=(span IJ 

The notation P 0 ,ap stands for the almost periodic part of P, and this name is justified since 
P(/),ap is the maximal subalgebra Q C P with p-preserving conditional expectation, such that 
the restriction oi p to Q is almost periodic. Here, a subalgebra Q C P is said to be with p- 
preserving conditional expectation, if there exists a conditional expectation E : P ^ Q satisfying 
p o E = p. In Item (ii) below, we will show that if (P, p) is a nontrivial factor equipped with 
a normal faithful state and I is an infinite set, then the centralizer {P^)^j of the infinite tensor 
product is a factor if and only if P(/,,ap is a factor. To show this, we need the following elementary 
lemma. 

Lemma 2.5. Let {M,'p), {N,ip) be factors equipped with normal faithful states. For every 
H £ M(j", it holds that 

as subsets of L‘^{M ^ ip). In particular, (M 0 = ^-\p,ap ® N^^ap 


( 2 . 2 ) 
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Proof. Let (M, ■0) and {N,ip) be factors with normal faithful states, and fix // G In this 
proof, we will write L‘^{M) and Lp‘{N) for L^(M, 0) and respectively. Assume that 

X € (M (g) and consider x G Lf{M) (g) L‘^{N). Note that (A^ (g) Aip)x = //x, hence x = 

® where f,k £ Lf{M) and % G L‘^{N) are eigenvectors for and A^p respectively, 

such that the product of the eigenvalues of and r]k equals fj,. Now (2.2) follows from the 
observation that for every von Neumann algebra {P, 0) equipped with a normal faithful state, 
and for every ^ G M([, P^J^ = {^ G L‘^{P) I 

It follows immediately from (2.2) that (M (g) C L^(M^^ap ® A',^,ap,0 ® p)-, and hence 

for every x G (M (g) we get This demonstrates that indeed 

(iff (g) A).0(g|(p^ap ~ ^-ip,a.p ® A^^ap- I—I 

Lemma 2.6. Let (P, 0) 6 e o nontrivial factor equipped with a normal faithful state, and let I be 
a countable infinite set. Then it holds that {P^)tf,i = particular, the following two 

statements are equivalent: 

(i) {P^)(j)i is a factor. 

(n) P^,ap is a factor. 

Proof. Let P, I be as in the statement, and put Q = P,/>,ap and (p = 0^. The inclusion {Q^)tp C 
{P^)ip being obvious, take x G (P^)^', we will show that x G . Note that for all finite subsets 
Pel, EpT{x) G {P^)ip, and by Eq. (2.2), we have that 

Ep^{x) G {P^)p C (P'^)^,ap = Q^ CQ^. 

As X is a limit point of {Ppx(x) \ P C I finite} in the strong topology, it follows that also 
X G Q^. 

The implication (ii) ^ (i) follows now directly from [VV14, Lemma 2.4]. For the reverse implica¬ 
tion, note that C P^j,. Thus, if x G ^(P^^ap) is a nontrivial element, then x(g) 1 (g) 1 (g) • • • 

belongs to {P^),p, and commutes with all elements of (P 0 ,ap)^- la particular, (P^)p = (P^ap)'^ 
is not a factor. □ 

We recall the definition of the (generalized) Bernoulli action. Let (P, 0) be a von Neumann 
algebra with a normal faithful state 0, and let / be a countable set. Consider a countable group 
A that acts on I, and let A act on P^ by the Bernoulli action 

p{s){ZkGl Ofc) = ZkGias-i.k, for s G A, Ofe G P. 

The von Neumann algebra (P, 0) is called the base algebra for the Bernoulli action, and the 
crossed product P^ xi A is called the Bernoulli crossed product. 

We now study when a Bernoulli action A rr P^ and its associated action on the continuous core 
A rr P^ XI R are properly outer. 

Remark 2.7. Let (P, 0) be a nontrivial factor equipped with a normal faithful state, and let I 
be a countable infinite set. Denote by P^ the inhnite tensor product w.r.t 0, and by tta, : P —)■ P^ 
the embedding at position k. Let a : I ^ I he any nontrivial permutation, and let a : P^ ^ P^ 
denote the induced automorphism given by 

a{TTk{x)) = TTo,{k){x), forxGP,/cG/. 

Then a is (properly) outer, unless P is of type I and {A: G / | a(k) 0 k} is finite. Indeed, it is 
well known that for any nontrivial permutation cj on n elements, the induced flip automorphism 
on P (g) • • • (g) P given by xi (g) • • • (g) x^ i-r- x„{i) (g) • • • (g) Xo.(„) is inner if and only if P is a type 
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I factor, see e.g. [Sak73, Theorem 5]. If a moves infinitely many points of I, the result is the 
content of [VV14, Lemma 2.5]. 

If (P, (/>) is a nontrivial factor equipped with a normal faithful state that is not almost periodic, 
and h. rx I \s any faithful action, the induced action A rx x M on the continuous core of 
is always (properly) outer, as stated in the next result. Combined with Lemma 2.4, we get in 
particular that x A is always a type Ihi factor, even if A is not icc, as its continuous core 
(P^ X A) X M = {P^ X M) X A is a factor. 

Lemma 2.8. Let (P, (p) be a nontrivial factor equipped with a normal faithful not almost periodic 
state, and let I be a countable set. Let a : I ^ I be any nontrivial permutation. Denote by 
P-^ X M the crossed product with the modular action of . Then the induced automorphism 
a G Aut(P'^ X M) on the continuous core, given by 

a(7rfc(x)) = TTa(k){x), forxeP,ke I, 
a{X{t)) = X{t), for t G M, 

is (properly) outer. Here, tt^ ; P —)■ P^ x M denotes the embedding at position k. 

Proof. Denote (p = , Q = P^^ap; A^ = P'^ x M, and denote by ip the dual weight on N w.r.t. p. 

For every finite nonempty subset P C I, let Kjr c L‘^{N, p) = P^(M, L^{P^, p)) be the subspace 
defined as 

K:p = p2 (M, l\q\P © QfQ^, p)). 

By Eq. (2.2), we get the orthogonal decomposition 

L2(iV0(P^)^,,p xM,^) = L2(M,p2(p/e(p/)^_^p^(^)) = 0iL^, 

J'eJ 

where J denotes the set of all finite nonempty subsets of /. Note that since f is not almost 
periodic, Kj: is nonzero for every P £ J. 

Now suppose that a : I —)■ / is a nontrivial permutation, and denote by S G Aut(A') the induced 
automorphism. Assume that v £ N is a unitary such that vx = a{x)v for all x £ N. In 
particular, v commutes with LM and hence v £ (P'^)^ ©LM C x M by Lemma 2.3. Therefore, 
the map on L‘^{N, p) induced by the automorphism Adu on N leaves all subspaces Kjr invariant, 
whereas a sends Kj to for all finite nonempty subsets P C L This is absurd, as a is a 

nontrivial permutation. We conclude that a is outer. □ 

If however (P, f) is a nontrivial factor equipped with an almost periodic state, and A r\ I is any 
faithful action, then the induced action A rv P-^ x M on the continuous core of P^ is not always 
properly outer. For example, if P is a type I factor and g £ A moves only a finite number of 
points of /, i.e. the set {/c G / | 5 • A: 7 ^ A:} is finite, then the induced automorphism by g on 
P^ X R is implemented by a unitary. However, if we require that any nontrivial element moves 
infinitely many points of I, the induced action A rv P^ x R is always properly outer, due to the 
following result. 

Lemma 2.9. Let (P, f) be a nontrivial factor equipped with a normal faithful almost periodic 
state, and let I be a countable infinite set. Let a : I ^ I be any nontrivial permutation. Denote 
Ay P^ X R the crossed product with the modular action of . Then the induced automorphism 
a £ Aut(P^ X R) on the continuous core, given by 

HT^kix)) = TTa{k){x), forx£P,k£l, 
a(A(t)) = X{t), for t G R, 
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is properly outer, unless P is a type I factor and the set {k G I \ a{k) 7 ^ k} is finite. Here, 
TTfc : P —)■ XI M denotes the embedding at position k. 

Proof. Denote (p = N = P^ xi M, and assume that v G N is a nonzero element such 
that vx = a{x)v for all x G N. Since LR is fixed under a, v commutes with LR and hence 
V G {P^)ip ® -Z^R- Putting Q = {P^)ip, we get in particular that the restricted automorphism 
satisfies vx = S|q^lr(t)u for all x G Q <8> DR. Taking an appropriate uo G (DR)*, 
we get a nonzero element re = (1 (8* w)(u) G Q satisfying wx = a{x)w for all x G Q. Note that 
Q is a factor by [VV14, Lemma 2.4], hence re is a multiple of a unitary, and by normalising, we 
may assume that re is a unitary. 

Denote by T the countable subgroup of R^j" generated by the point spectrum of endowed 
with the discrete topology. Put G = P and let a : G P^ denote the extension of to an 
action of the compact group G, as in section 2.2 of [VV14]. By [VV14, Lemma 2.1], it follows 
that a = Adze o ag on P^ for some s G G, and by [VV14, Lemma 2.5], it follows that the set 
{A: G / I a{k) k} is then necessarily finite. Moreover, fixing k G I such that a{k) 7 ^ k, we get 
that w7Tk{P) = 7 r^(fc)(P)tc as subalgebras of Pfi This is only possible if P is a type I factor. 

For the converse, note that if P is a type I factor and a : / — )■ / is a permutation such that the 
set {A: G / I a{k) 7^ A:} is finite, then there exists a unitary u G P^ such that UTTk{x)u* = T\'a(k){x) 
for all A G /, X G P. Since (p o Adu = (p, we have u G {P^)^i, and in particular it follows that 
uX{t)u* = X{t) for all t G R. We have shown that a = Adu on P^ xi R, thus a is not properly 
outer. □ 

We saw earlier that if (P, is a nontrivial factor equipped with a normal faithful state that is 
not almost periodic, and A is a countable infinite group, then P^ xi A is a type HIi factor. The 
next remark shows that if A is nonamenable, P^ xi A does not admit any almost periodic weight. 
Recall that a von Neumann algebra M is full if Inn(M) C Aut(M) is closed for the topology 
given by —)■ a if and only if G M* : \\ip o an — o a|| —)■ 0, and that if M is full, Connes’ 
r-invariant of M is given by the weakest topology on R making R —)■ Out(P^ xi A) : t 1 —)• uf 
continuous. 

Remark 2.10. Let (P, 4>) be a nontrivial factor equipped with a normal faithful state that is not 
almost periodic, and A a countable infinite nonamenable group. By [VV14, Lemma 2.7], P^ xi A is 
a full factor, and Connes’ r-invariant is the weakest topology on R making R —)■ Aut(P) : t af 
continuous. Since is not almost periodic, the completion of this topology cannot be compact. 
It follows that P^ XI A has no almost periodic weights, see the proof of [Con74, Corollary 5.3]. 

3. A technical lemma 

Let (P, (p) be a factor equipped with a normal faithful state, and let A be a countable group 
acting on an inhnite set I, such that the action A rv- / has no invariant mean. Put p> = (p^ and 
N = P^ XI R. Denote the action A r\ N, induced by the generalized Bernoulli action of A on 
Pfi by a. 

The main result of this section is the following technical lemma, allowing us to locate fixed point 
subalgebras of N w.r.t. actions which are outer conjugate to the Bernoulli action a. As in the 
proof of [BV13, Lemma 3.3], locating such subalgebras allows us to deduce cocycle conjugacies 
between two Bernoulli actions. The proof of Lemma 3.1 follows the lines of the proof of [PopOG, 
Theorem 4.1]. 

Lemma 3.1. Let p G DR C N be a projection with 0 < Tr(p) < 00 . Assume that {Vg)g,=A £ 
hl{pNp) are unitaries, and that D:AxA—)-Tisa map sueh that VgagiVh) = Q.[g,h)Vgh 
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for all g,h G A. Assume that Q C pNp is a subalgebra such that for all x G Q and for all 
g G A, Vgag{x)Vg = x, and assume that q G Q' CipNp is a projection such that for all g G A, 
Vgag{q)V* q inside Q' n pASp. Then it follows that qQ -<pNp pTW. 

Put M = A^n (LM)' = LR. If moreover holds that q G Q'CipMp and qLR d qQ d qMq, 

then qQ PpMp pLR. 

See Lemma 2.3 for the equality N n (LM)' = {P^)p < 8 i LM. 

We use the spectral gap methods of [PopOG], applied to the following variant of Popa’s malleable 
deformation [PopOl], due to loana [loaOG]. Let P = P-k LZ the free product with respect to 
the state (j and the natural trace on LZ, and denote the induced state also by (f. Denote by 
Un,n G Z the canonical unitaries of LZ. Let / : T —)■ (—7r,7r] be the unique function determined 
by t = ex.p{if(t)),t G T, and let h = f{ui) be the hermitian operator such that ui = exp(i/i). 
Define ut = exp(it/i) for every t G R. Equip P^ with the one-parameter group of state preserving 
automorphisms 6t given by the infinite tensor product of Adut, for t G R. Define the period 2 
automorphism 7 of P^ as the infinite tensor product of the automorphism of P satisfying x i-A x 
for X G P and ui 1 —)• tt_i. 

Put iV = xio-^ R, and denote also the action A r\ N, induced by the generalized Bernoulli 
action of A on P^, by a. The automorphisms 6t and 7 naturally extend to N, by acting as the 
identity on LR. 

The condition that A r\ I has no invariant mean, implies the following result, which is very 
similar to [BV13, Lemma 3.4]. 

Lemma 3.2. Assume that {Vg)g^\ are unitaries in hl{N), and D:AxA— )-Tfsa map such 
that VgagiVh) = h)Vgh for all g,h G A. The unitary representation 

p:A^ U{L\N © iV,Tr)) : pg{i) = Vgag{f)V; 

does not weakly contain the trivial representation. 

Proof. Denote by Ip be the dual weight on N and N w.r.t. the weight ip on P^ and P^ respectively. 
Define for every finite subset F d I, the subspace Kj: d L?‘{N,ip) as the || • || 2 -closure of 
the linear span of P^ {P 0 P)-^P^.^(R), where .^(R) denotes the set of compactly supported 
continuous functions on R, and .^(R) C LR as convolution operators. Note that if x G P^(P0 
P)-^P^.^(R), y G P'^(P© P)^P^.^(R) for P / /C, then EL^{y*x) = 0. In particular, we have the 
orthogonal decomposition 

L\NeN,Tv) = 0P.F. 

deJ 

Remark that pg{Kjr) = Kgjr for all g G A. Denote by pjr the orthogonal projection onto Kjr. 

Assume that p does weakly contain the trivial representation, then we find an Ad / 9 (A)-invariant 
mean p on B{H). Define the map 0 : i°°{J) —)■ B{H) given by ©(P) = F{F)pjr. Since 

0(y • P) = pgQ{F)pg, the composition po Q yields a A-invariant mean on J. But then A r\ I 
admits an invariant mean, by [VV14, Lemma 2.6]. This is absurd, hence p does not weakly 
contain the trivial representation. □ 

Proof of Lemma 3.1. Let Q d pNp a subalgebra such that for all x G Q and for all g G A, 
Vgag{x)Vg = X, and let q G Q' dpNp be a projection with Vgag{q)Vg ~(Q'np 7 Vp) Q for all g G A. 

Define as above the malleable deformation of A”, and remark that Ot{p) = p for all f G R. 

Let p be the unitary representation of A on L^(p(A © A)p, Tr) given by Pg{f) = Vgag{ff)VY By 
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Lemma 3.2, we find a constant k > 0 and a finite subset J- <Z K such that 

ll^lb j;il/9,(0-eil2 foralUGL2(p(7V©iV)p,Tr). (3.1) 

g€T 

Put € = ||(?|| 2/6 and <5 = e/{ 2 K\F\). Take an integer no large enough such that t = 2“"^° satisfies 

\\{Vg - et{Vg))p \\2 <6 for all G T", 

h-0t{q)\\2 < e. 

For every x G Q we have Vgag{x)Vg = x for all g G A, and therefore 

\\Vgag{6t{x))Vg — 0t{x)\\2 < 2 S for all g G F and all x G Q with ||x|| < 1. (3.2) 

Denote hy E : N ^ N the unique trace preserving conditional expectation. Whenever x G Q 
with ||x|| < 1, we put ^ = 6t{x) — Ei 9 t{x)) and conclude from (3.1) and (3.2) that 

Iieil 2 <^j; 11^3(0-eil2<2n|.F|5 = e. 

geT 

A direct computation shows that {6t) satisfies the following transversality property in the sense 
of [Pop06, Lemma 2.1]: 

||x - 0t{x)\\2 < V2\\6t{x) - E{6t{x))\\2 for all x G pNp. 

We conclude that ||x — 0 t(x )||2 < 2e for all x G Q with ||x|| < 1, hence \\y — 9t{y)\\2 < 3e for all 
y G qQ. It follows that for all y G Vl{qQ), 

I TT{y9t{y*)) - Tr(yy*)| < WyhWy - 9t{y)\\2 < lkl| 23 e = Tr(g)/2, 

and hence Tr{y 9 t{y*)) > Tv{q )/2 for all y G U{qQ). 

Let W G qN 9 t{q) be the unique element of minimal 11-112 in the weakly closed convex hull of 
{y9t{y*) I y £ Then Tr(IT) > Ti{q)/2 and xlT = W9t{x) for all x G Q. In particular, 

WW* commutes with Q. 

Put now for g G A, Wg = Vgag{W) 9 tiyg)- Since Q is pointwise fixed under AdV^ o ag, we 
then also have xIT^ = Wg9t{x) for all x G Q. The join of the left support projections of all 
Wg, S' G A, is a projection qo G pNpf] Q' that satisfies qo = Vgag{qo)Vg for all g G A. By 
Lemma 3.2, go £ A', and in particular, 7 (^ 0 ) = Q'o- We claim that we can find some g G A such 
that 9t{y{W*)Wg) / 0. To prove the claim, assume that for all g G A, y{W*)Wg = 0. Since the 
join of the left support projections of all Wg, g G A equals q^, we get 7(IT*)go = 7(W*go) = 0, 
contradiction. 

Fix now g G A such that y{W*)Wg / 0. Take u G U{Q' CipNp) such that uq = Vgag{q)VgU, 
and put W' := 9t{'y{W*)Wg)92tiu). Then W' G qN92t{q) is a nonzero element satisfying xIT' = 
W'92t{x) for all x G Q. Repeating the same argument no times, we obtain a nonzero element 
W G qN 9 i{q) such that WW* G Q' <1 qNq and 

xW = W 9 i(x) for all x G qQ. (3.3) 

Observe that if g G (LM.)' and gLM C qQ, then W commutes with LM. 

For every F <Z I, define N{F) = xio-^ R. We claim that there exists a finite subset F <Z I 
such that qQ -<pNp pN{F)p. Suppose the claim fails, and let Xn G hl{qQ) be a sequence of 
unitaries satisfying 

\\Epjg(^jr)p{aXnh*)\\2 0 for all a,b G pNq and all finite subsets F C I. 

We claim that 


\\EpNp{o,9i{xn)b*)\\2 —5- 0 for all a,b G pNp. 


(3.4) 
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Since the linear span of all pNP^p, Pel finite, is || • || 2 -dense in pNp, it suffices to prove (3.4) 
for all a,b £ pNP^p and all finite subsets P G L But for all a,b £ pNP^p, we have 

EpNpicL^l{Xn)b ) — Pp]^p{jl9\{^Pp]\}(^jr'^p{xYi))b (3.5) 

thus the conclusion follows from the choice of the sequence {xn)- So (3.4) is proven, and since 
Xn £U(qQ) are unitaries, it follows in particular that 

\\EpNp{WW *)\\2 = \\EpMp{WW*)q \\2 = \\EpNp{WW*)Xn \\2 = \\EpNp{W 6 i{Xn)W *)\\2 ^ 0. 

As W is nonzero, we reached a contradiction, and we have proven the existence of a finite subset 
Pel such that qQ PpNp pN{P)p. 

Since qQ PpNp pNiE)p, we find n G N, a projection p' £ pN{P)p® M„(C), a unital normal 
homomorphism ipi : qQ -£■ p'{pN{P)p (g) Mn{C))p' and a partial isometry v £ qNp (g) Mi^„(C) 
such that v*v < p' and xv = v'4^i{x) for all x £ qQ. For every g £ A, choose Ug £ U{Q' Cl pNp) 
such that UgVgag{q)Vg = qug. Put G C U{Q' CipNp) the subgroup of all unitaries u £ Q' (IpNp 
satisfying uq = qu. Let /C C A and V C ^ be finite sets such that 

Tr I \y uUgVgag{vv*)VgU*gU*\ > ^Tt i \J uUgVgag{vv*)VgU*u* 

\geic,uev ) \geA,u£g 

Remark that for all S' G /C, all u G V, and all x £ qQ, we have that 

XUUgVgag{v) = UU gYpU g{v) U g{'lpi{x)) . 

Replacing P hy K, ■ P, 'Gi by the direct sum of the maps o for s' G /C, tt G V and v by the 
polar part of the direct sum of the uUgVgag{vys, we obtain a unital normal ^-homomorphism 
ipi : qQ -£■ p'[pN{P)piSiMn{C))p' and a partial isometry v £ qNp^Mi^n{E.) such that v*v < p', 

UgVgag{vv*)Vg u* JL vv* for all g £ G, and xv = uV’i(t) for all x £ qQ. (3.6) 

Moreover, we may assume that the support projection of R'pAr(j')p 0 M„(C)('^*^) equals p'. 

Since the action A r\ I has no invariant mean, a fortiori all orbits are infinite and thus there 
exists some g £ A such that gP n = 0 (see e.g. [PV06, Lemma 2.4] ). Putting ■02 ^ qQ —^ 
ag{p'){pN{gP)p (g) Mn{C))ag{p') given by 02 = % o we get that 

yi{x) v*UgVgag{v) = v*UgVgag{v)'ip 2 {x) forallxGsQ- (3.7) 

By the first part of (3.6), v*UgVgag{v) / 0. 

We claim that yiiqQ) -<pNp^M„(C) pE{9)p (g) M„(C) = pLR. (g) M„(C). Suppose that this is not 
the case, then we find a sequence Xn £ qQ such that ipiixn) £ U{yi{qQ)) and 

\\ELmM„{C){a'>Pi{xn)b )\\2 0 for all a,b £pNp® Mn{C). 

Note that for all a,h £ pN{P)p (g) M„(C) and all a', b' £ pN{gP)p (g) Mn{C), 

EpN{gT)p®MpC){'x'<X'yi{Xn)hb') = a^L^LR(giM„(C) (^^n)^) 

and by density and (3.7), it follows that \\Ep]^(^gjr'^p!^]^pQ{y'yi{xn)z )\\2 —)■ 0 for all y,z £ pNp® 
Mn{C). Putting w = v*UgVgag{v), we have that 

0 ^ \\EpN{gT)p<»MpC)iw*yi{Xn)w)\\2 = \\EpN{gT)p<SMpC){y2{Xn) W*w)\\2 

= IIV’2(Tn) L^pAr(g^)p(g)M„(C)('W^*W;)||2 

> Ik02 (Xn) Ep]y^gjr)p^MpC) («^*W^) lb 
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= 11 V’l (Xn ) U> EpN(gjr)pt^M„ (C) (W') 112 

= \\w EpN(gT)p(S,Mr,{C)i'W*w)\\2 

> \\w*W EpN(^gjr)p^M^(^C)iyJ*w)h- 

But this is absurd, as w*w is nonzero. We conclude that ipi{qQ) -< pLR. 0 Mn{C) inside 
pNp® Mn{C). Since the support of .Ep 7 v(T')p(g)M„(C)('^*^) equals p', this intertwining can be 
combined with the intertwining given by v, and we obtain that qQ -<pNp pER. 

Assume now that q G Q'^~^N and qLM C qQ C qMq, where M = A'n(LR)' = {P^)p<SiLM. 
By (3.3), we obtain a nonzero element W G qN6i{q) n (LR)' such that xW = W9i{x) for all 
X G qQ. 

For every E C I, define M{F) = M Ci N{E) = <8* PR. We claim that there exists a finite 

subset Pel such that qQ PpMp pM{P)p. If the claim fails, then there exists a sequence of 
unitaries G ZY {qQ) such that 

\\EpM[j^)p{aXnE )\\2 —)• 0 for all a,b G pMq and all finite subsets P G L 

By (3.5) and using that EpM(^jr'^p{xn) = Epjg(^jr^p{xn), it follows that \\Epi^p{a9i{xn)E)\\2 0 

for all a,b G pNpf] (pLR)', and thus \\Ep]\fp{WW *)\\2 0, contradiction. Hence the claim is 

proven. 

Replacing N hy M and N{P) by M{P) in the last part of the proof of the general case, we 
then obtain that qQ PpMp pLR. We need qLR C qQ to establish that uUgVgag{q) G (LR)' for 
all u G G, g G A. □ 

Using Lemma 3.1, we obtain the following result. Note that this result follows immediately from 
[Pop02, Theorem A.l] if both centralizers (P/*)^/^ are trivial, since then LR C P/* x R is a 
maximal abelian subalgebra. 

Lemma 3.3. Let (Po,i^o) o.nd {Pi, (pi) be nontrivial factors equipped with normal faithful non¬ 
periodic states. Let A he a countable group acting on infinite sets Iq, p, such that the actions 
A r\ li do not admit invariant means. Denote by (pi = cfl'^ the canonical state on P/*. 

Assume that the centralizers (P/Oi^i factors. Assume that ip : Pg° Xg-vo R —)• P/i Xo-vi R is 
an isomorphism such that the induced actions A rv P/* x^-vi R are cocycle conjugate through ip. 
Then there exists a partial isometry w G P/^ x R such that ww* G ip{LRy, w*w G (LR)' and 
ip{LR)w = wLR. 

Proof. Let ip be an isomorphism as in the statement. Put W = P^^ x R and denote the action of 
A on Ni by a*. Identify R))" as the dual of R using the pairing {t, g) = /x'' for f G R, /x G R))", and 
denote by ; R^ r\ Ni the dual action w.r.t. Note that a^°(LR) = LR for all /x G R))" 
and that commutes with the action of A on Nq, hence we may replace ip hy ip o a'ff for 
an appropiate /x G R))" and assume that ip is a trace preserving isomorphism implementing the 
cocycle conjugation. This will allow us to ease the notations. 

Step 1. First, we prove that for every nonzero finite trace projection q G LR, there exists a 
nonzero partial isometry w G ip{q)Niq such that ww* G ip{qLR)', w*w G (gLR)' and ip{LR.)w C 
wLR. 

Note that Ni is a factor by Lemma 2.4, since (pi is nonperiodic. Let q G LR be any nonzero 
finite trace projection, and take u G U{Ni) such that uip{q)u* = q. Then Aduo ip also defines 
a cocycle conjugation between the actions A rv qNiq, hence we find a 1-cocycle 1^,5' G A for 
such that 

(AdXX o Ip) o ag = Ad Vg o agO (Ad uo ip), for all g G A. 
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Denote ^pu = Adu o V'- By construction, ipuigLEd) is an abelian subalgebra of qNiq, such 
that for all x G ipuiqLR) and for all g G A, we have that Vgag{x)V* = x. By Lemma 3.3, 
IpuiqLR) ^qNiq qLR. 

Note that the relative commutant of qLR inside qN^q is given by (gLM)'ngNjg = g((LM)'nNj)g = 
< 8 > gLK, see Lemma 2.3. Put Qi = < 8 > gLR, and observe that Q[ n qN^q = qLM. by 

the assumption that is a factor. Since '4)u{qLR) AqNiq gLR, it follows from Lemma 2.2 

that there exists a partial isometry wq G qNiq such that wqWq G il^uiqLR)', WqWq G (gLR)' and 
V'„(gLR)rco C wo{qLR). Then w = u*wo is the desired partial isometry. 

Step 2. Fix now a nonzero hnite trace projection q G LR, and let w G 'il>{q)Niq be a nonzero 
partial isometry such that ww* G ^{qLR)', w*w G (gLR)' and 'il){LR)w C wLR. Put po = 
Pi = w*w, and put Mi = Pi{Pl'' xi R)pi. Denote by 9 : Mq —)■ Mi the isomorphism 
given hy 9 = Ad w* o and note that 9{poLR) C piLR, hence, taking the relative commutants, 

PqLR C 9~^{piLR) C Po{{Po°)q,o ® qL^)po- (3.8) 

Let u G U{^{q)Niq) be a unitary such that upi = rc, and put Q = (Adu* o ip)~^(qLR). Since 
Adu* o '0 is a cocycle conjugation between the actions A r\ qN^q, we find a 1-cocycle Vg, g G A 
for such that 

o (Ad u* o 'ip) = (Ad u* o ■0) o Ad Vg o a^. 

In particular, for all x G Q we have we have x = Vga^{x)Vg . Furthermore, (3.8) means that 
Po.hR C poQ C po(<?Aogn (LR)')po- Also note that for every g G A, the projections pi and ag{pi) 
both belong to {Pi)if,i < 8 * qLR, and the central traces of these projections inside {Pi)ipi < 8 * qLR 
coincide. Indeed, {Pi)ipi is a factor and the central trace is therefore given by the conditional 
expectation E : {Pi)^,^ < 8 > qLR -G qLR, which satishes E = E o a°. In particular, the projections 
Pi and a^g are equivalent, and so are pq, Vgag{po)Vg inside Q' n qN^q. 

By Lemma 3.1, we deduce that 0“^(piLR) qLR. Since 9 ^(piLR) and qLR are 

abelian, we then find a partial isometry v G {Po)g,^^qLR with vv* < po, such that 9~^{piLR)v C 
uLR. But note that v commutes with LR, hence 

v*vLR = v*{poLR.)v C v*9~^{piLR.)v C u*uLR. 

Putting go = 9{vv*) < pi, it follows that go G 9{pqLR.)', go G (piLR)' and qo9{poLR) = go(piLR). 
Then wq = wqo G 0(g)iVig is a nonzero partial isometry such that u;ou;q = wq^w* = ■0(uu*) G 
0(gLR)', WqWq = go G {qLR)', and moreover 

u;ou;o(LR) = go(piLR)go = go6'(poh>R)go = Wq'iP{LR)wo. 

We conclude that '0(LR)u;o = tcoLR, which completes the proof. □ 

4. A non-isomorphism resnlt for generalized Bernoulli crossed products 

Recall that for any factor {P, 0) equipped with a normal faithful state, P 0 ,ap C P denotes the 
subalgebra spanned by the eigenvectors of A,^, i.e. 

= (span IJ P^^g)”. 

The following theorem provides a non-isomorphism result for all generalized Bernoulli crossed 
products, with amenable factors {P, 0) as base algebras, for which the almost periodic part P 0 ,ap 
is again a factor. In particular, it will provide a proof of Theorem B. 

Theorem 4.1. Let (Po)0o) (ind (Pi,0i) be nontrivial amenable factors equipped with normal 
faithful states, such that (Lb) 0 o,ap iPi)(l>i,ap factors. Let Aq and Ai be ice groups in 
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the class C that act on infinite sets Iq and Ii respectively. Assume for i = 0 ,1 that the action 
Aj rr Ii has no invariant mean, and that for every g G Ai — {e}, the set {k G fi \ g ■ k k} is 
infinite. 

The algebras Pg° x Aq and x Ai are isomorphic if and only if one of the following statements 
holds. 

(a) The states fio and fix are both tracial, and the actions Ai {Pi, are cocycle conjugate, 
modulo a group isomorphism Aq = Ai. 

(b) The states 4>o o^'^d fix are both nontracial, and the actions Ai {Pi,(j)i)^^ are, up to 
reductions and modulo a group isomorphism Aq = Ai, cocycle conjugate through a state 
preserving isomorphism. 

Proof. If (a) or (b) holds, then it is clear that the crossed products x Aj are isomorphic. For 
the reverse implication, let V’ : Pq^ x Aq —)• P(^ x Ai be a ^-isomorphism. Denote by (pi = be 
the product state on P^\ By Lemma 2.4, we may distinguish the following three distinct cases. 

Case 1. One of the states fii is tracial. 

If one of the states fii is tracial, Pq°, Pq° x Aq, and x Ai are all necessarily of type Hi. 

Since the groups Aj are icc and belong to the class C, it follows from [IPP05, Lemma 8.4] (see 
also [VV14, lemma 4.1]) that 'i/’(Po°) and are unitarily conjugate inside P/^ x Ai. Since the 
actions Aj r\ P/‘ are outer, this means that Aq = Ai and that the actions Aj rr P/‘ are cocycle 
conjugate. 

Case 2. One of the states fii is periodic. 

Note that under the extra assumption that the P/‘ x Aj are full factors, the result directly follows 
from the proof of [VV14, Theorem 6.1]. We now provide a proof of the general situation. First 
note that since Aj is icc and Z{P^^ x R) C LR by Lemma 2.4, we get that Z{{pI^ x R) x Aj) = 
Z{P^^ X R), and hence P/‘ x Aj and P/‘ are of the same type. In particular, it follows from the 
type classification (see Lemma 2.4) that since one of the states fii is periodic, also the other is, 
and that the periods of both states fii are equal. Let T > 0 denote this period. 

Put G = R/TZ, let a'' : G r\ P/‘ denote the actions induced by and put Ni = P/* x G. 
By Connes’ Radon-Nykodym cocycle theorem for modular automorphism groups, V’ is a cocycle 
conjugacy between the modular actions ct* of G and therefore extends to a ^-isomorphism T : 
Mo —)■ Ml between the crossed products Mj = (P/® x Aj) x G = W xi Aj. Note that P/* has 
a factorial discrete decomposition [VV14, Lemma 2.4], hence W is the hyperfinite IIoo factor. 
Also note that since Aj has trivial center, the action Aj Ni is outer [VV14, Lemmas 2.2 and 
2.5]. Proceeding exactly as in the proof of [VV14, Theorem 5.1], we obtain that the action 
Aq r\ (Pg°,(j9o) is cocycle conjugate to the reduced cocycle action (Ai r\ {Pl^,ipx)Y for some 
projection p G (P/^)(^^. 

Case 3. Both states (pi are nonperiodic. 

Let Ni = pA X R denote the crossed product of P/* with the modular action of p>i. Since (pi is 
not periodic, pA is a type Ihi factor by Lemma 2.4, and hence Ni is a factor. It follows from 
either Lemma 2.8 or from Lemma 2.9 that the induced action Aj rx Ni is outer. 

By Connes’ Radon-Nykodym cocycle theorem for modular automorphism groups, \s a, cocy¬ 
cle conjugacy between the modular automorphism groups {af°)t£M. and (crf^jtgK and therefore 
extends to a ^-isomorphism 'L : Mq —)■ Mi between the crossed products Mi = (pA x Aj) x R = 
Ni X Aj. Since the actions Aj r\ pA are state preserving, the action of Aj on Ni equals the 
identity on PR C Ni. 

We claim that 'I'(A^o) and Nx are unitarily conjugate inside Mi. Take a projection pQ G PR of 
finite trace. Then T(po) is a projection of finite trace in the IIoo factor Nx x Ai. After a unitary 
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conjugacy of we may assume that = Pi C LR. Since the projections pi are Aj-invariant, 

we have 

PiMiPi = piNiPi X Aj . 

The restriction of T to pqMqPq thus yields a ^-isomorphism of PqNqPq x Aq onto piA^ipi x Ai. 
Because the groups Aj are icc and belong to the class C, it follows from [IPP05, Lemma 8.4] that 
T(poA^oPo) is unitarily conjugate to piA'ipi. Since the Ni are Hoc factors, the claim follows. 

By the claim in the previous paragraph, we can choose a unitary u G Mi such that u^{Nq)u* = 
Ni. In particular, Aq = Ai and AduoT is a cocycle conjugacy between Aq r\ Nq and Ai r\ Ni. 

Identify M]]" as the dual of M using the pairing = /x'* for t G M,/x G M]j", and denote by 

; Mjj" rw Alj X Aj the dual action w.r.t. We will now extend the obtained cocycle conjugacy 
to a cocycle conjugacy between the actions A* x M]j" r\ Ni. By construction, T o o T 

for all /X G M]]". Therefore, T further extends to a *-isomorphism T : Mq x Mjj" ^ Mi x M]]" 
satisfying T(A(p)) = A(p) for all p G M]]". Note that we can view Mi x M]]" as Ni x (Aj x 
Putting 0 = Ad XX o T, we get an isomorphism Nq x (Aq x M]]") —)■ A^i x (Ai x M]]") satisfying 

e{No) = Ni, 0(Afo X Ao) = A^i X Ai, e{X{p)) = ua^^{u*)X{p) for ^ G M([. 

Using that the actions Aj r\ Ni are outer, that elements in Ni x Aj have a unique Fourier 
decomposition, and that ua^^{u*) G A/jVixiAi (A^i), this implies that the restriction of 0 to 
Nq is a cocycle conjugacy between the actions Aj x M]j" r\ Ni, modulo a continuous group 
homomorphism (j ; Aq x M]]" —)■ Ai x M]]" satisfying (5(Ao) = Ai and 5{e,p) G Ai x {/x}. Since 
Aj has trivial center, this means that 5{g,p) = {SQ{g),p) for all g G Ao,/x G Mq", and a group 
isomorphism Sq : Aq —)■ Ai. 

Denoting by ai : Ki r\ li the given actions, and by ai : Ai ^ Aut(P/* xM) the induced actions on 
the continuous cores, we now have obtained that the actions Sq : Aq ^ Nq and Si O(5o ; Aq rv Ni 
are cocycle conjugate. 

Note that for x = 0,1, the centralizer of P/* w.r.t. (pi is a factor, by Item (ii). By Lemma 3.3 
with A = Aq acting on Iq by ao, and on Ii by ai o 6 q, we find a partial isometry w G Ni such 
that ww* G 0(PM)' and w*w G (LK)^ satisfying Q{LM)w = wL'R. By Lemma 4.2 below, we 
conclude that a reduction of the action ; Aq rv Pg° is cocycle conjugate to a reduction of 
o (jg ; Aq ^ P/L through a state preserving isomorphism. □ 

Lemma 4.2. Let (Po,(po); (Piifi) be von Neumann algebras with normal faithful states and 
separable preduals. Let A be a countable group, with state preserving actions A nN' {Pi,ipi), 
such that the centralizers are factors. Denote 6x/ Pj x R the crossed product of Pi with 

the modular action of pi. Let A Pj x R denote the induced action given by a\{'KcrVi{x)) = 
TTo-vi (a*(x)) for X G Pj,s G A and 5*(A(f)) = X{t) for t G R, and let Rjj" rv Pj x R denote the 
dual action w.r.t. 

Assume that x/; : Pq x R —)■ Pi x R is an isomorphism such that the induced actions A x R(j" rv 
Pj X R are cocycle conjugate through ip, and that xc G Pi x R is a partial isometry such that 
ww* G x/;(LR)', w*w G (LR)' and x/;(LR)xx; = wL'R. Then the actions A rv {Pi,pi) are, up to 
reductions, cocycle conjugate through a state preserving isomorphism. 

Proof. Put Ni = Pi ><i R, and denote by ip : Nq —)■ A^i the given isomorphism and by xc G A^i the 
partial isometry such that ww* G x/i(LR)', w*w G (LR)' and p;{LR)w = wLR. Let G U{Ni) 
be a 1-cocycle for the action A x R]]" r\ Ni such that 

pj o ag o = Ad Vg^g ° ° V’ for all xjf G A, G Rjj". 


(4.1) 
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Identify as the dual of M using the pairing = /x'* for t G M,/x G and denote by 

rv Ni the dual action w.r.t. . Extend ij) to an isomorphism 'h : A^o I^o" —)■ iVi xi 
by putting 'I'(x) = ^(x) for x G Pq x 1^ and 'I'(A(^)) = Ei,^A(^). Put k G M(|" such that 
Tr<^j oijj = kTiipq, then 'h scales the dual weights of Tr^. by the same factor k, i.e. Tr<^j o 'I' = 
/xTr^p. Identify Ni xi with Pi (g) P(L^(M^)) through the isomorphism 

: iV, X M+ ^ Pi ® B{L\R+)), = Ad (1 ® 5) o $i, 

where <I>i : A^i x ^ Pj (g) P(P^(M)) denotes the Takesaki duality isomorphism as defined in 
[TakOSa, Theorem X.2.3], and : L^(M) —)■ P^(R^) is the Fourier transform given by 

5 (/)(^) = ^ / / G L\R) n L\R). 

y I'K JigR 

Note that the duality isomorphism <I>i maps X{t) G PM to A(t) G P(P^(M)), and hence <I>f (PM) = 
Ad5'(PM) = P°°(M)j'). Also, X G {Pi)ipi is mapped to <h?(x) = x (g) 1. Let M be the operator 
affiliated with P°°(M(J') given by M{f){t) = and let oj be the weight on P(P^(M)J')) given 

by w = Tr(M-). Observe that Tr,^. = ((/?*(g)a;)o<hf. Putting 0 = oTo (<I)g)“^ and w = ^f{w), 
we get an isomorphism 

0 : Po ® P(P2(M+)) ^ Pi ® P(P2(M+)) 

satisfying 

{ipi (g) a;) o 0 = K{ipo (g) w), 

0 o (a° (g) id) = Ad <I>f (Vg^i) o (a^ (g) id) o 0 for all 5 G A, 

0(P°°(M+))ui = uiP°°(M+). 

Here, the second equality follows from (4.1). Put po = Q~^{'W'W*), pi = w*w. Taking the 
relative commutants of the last equality, we obtain that 0(po(Po ® P°°(M))"))po) w = w (pi(Pi <g) 
P°° (M)|") )pi). Denote by Mi = pj(Pi ® P°°(M(j"))pj and let 6 : Mq —)■ Mi be the isomorphism 
given hy 9 = Adxxi* o 0 . 

For X = 0,1 and 5 G A, note that the projections pi and cPg{pi) both belong to {Pi)ipi (g) P°°(M)j"), 
since 


Pi G (AT, n (PM)') = ((Pi)^, (g PM) = {Pi)^, (g P°°(M+). 

Moreover, the central traces of these projections inside {Pi)ipi g)P°°(M)j") coincide, since {Pi),pi is 
a factor and the central trace is thus given by the conditional expectation E : (Pj),^. (gP°°(MQ") —)■ 
P°°(M)j"), which satisfies E = E o ag. 

Therefore, we find a partial isometry Vi^g G {Pi),pi g)P°°(Mjj") such that pi = Vi^gV^g and ag{pi) = 
Vi^gVi^g. Also choose Vi^e = Pi- Then the formula ag^{pxp) = Vi^g{a^g (g \di){pxp)vig for x G Mi 
defines a cocycle action : A r\ {piMiPi,ipf), where is the state given by v^*(pxp) = 
ipi{pxp) / ip{pi) for X G Mi. Putting Wg = xB*0(x;o,g)4>f(P 3 ,i)a^(xxi)x;j^^g G pi4>f(A^i)pi C pi(Pi ® 
P(p2M+))pi, we now obtain that, as isomorphisms Mq —)■ Mi, 


9 o = Ad Wg o c?^ o 9 for all 5 G A. (4.2) 

Note that by construction, Og^ is the trivial action on pjP°°(Mjj"), and 6 *(poP°°(I^o')) = PiP°°(l^o')- 
Thus we have that Wg G pi^f{Ni)pi n (piP°°(Mjj'))' = pi{{Pi)tp.^ ® P°°(M)j'))pi. 

For i = 0,1, consider the integral decomposition 

P® p CD 

P^(Pi,V7j) ® P^(M(j') = / L'^{Pi,pi)ds, {Pi0 L°°{R'^),(pi0u}) = / {Pi,pi)ds. 

Jk.+ 
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Note that ds satisfies ds = e*dA(t), with dX the Lebesgue measure on M. In this 

disintegration, we can write pi = J^+ pi{s)ds for a measurable field of projections s i-A Pi{s) in 
Pi. Then we hnd as disintegration of Mi, 

rffi 

Mi = pi{Pi'^ L°°{R^))pi = / pi{s)PiPi{s)ds. 

JR+ 

Also choose measurable fields of partial isometries s i-A Vi^g{s) in Pi, and s i-A Wg{s) in Pi, such 
that Vi^g = Vi^g{s)ds and Wg = Wg{s)ds. 

Fix a countable set of measurable helds X = {s eA x(s)}, corresponding to a countable dense 
subset of Mq, such that for almost every s, the set {x(s)|x G X} is dense in pq{s)PqPq{s), and 
such that for all x G X and all g G A, also the measurable held s i-A uo,g(s)Q;°(x(s))uo,g(s)* 
belongs to X. Since 9 : Mq —)■ Mi is an isomorphism and by uniqueness of disintegrations, we 
hnd for almost all s G Mjj" an isomorphism Og : {po{s)PoPo{s),p^Q^^'^) —)■ {pi{s)Pipi{s),ipi^^^^), 
such that 

/ />® \ 

9 / x{s)ds = / 9s{x{s))ds for all measurable helds x G X. (4-3) 

J 

Combining (4.2) and (4.3), we get that for all measurable helds s i-A x(s) in X, 

/ Gs{vo,g{s)a^g{x{s))vo^g{s)*)ds = / IFg(s)ui,g(s)ag(6's(x(s)))ui,g(s)*IFg(s)*ds. 

We then can hnd a conull subset S C LM)j" such that for all s G 5, is dehned; {x(s) | x G X} 
is dense in Po{s)Popo{s); Vi^g{s) is a partial isometry with left support Pi{s) and right support 
ag{pi{s)), hxed by all {af^ \ t G Q}; Wg{s) is a unitary in pi{s)Pipi{s) hxed by all {af^ \ t G Q}; 
and such that for all x G X, 

^s(^'o,(;(s)a°(x(s))^;o,g(s)*) = Wg{s)vi^g{s)al{9s{x{s)))vi^g{s)*Wg{s)*. 

In particular, it follows for all s G 5 and for all g G A, that Vi^g{s) G {Pi)i^i, ^ (-Pi).^!, and 

that 

9 s o Adxo,g(s) o = AdlFg(s) o Adui^g(s) o o 9 s. 

Choosing some s G S for which po{s) is nonzero, we obtain that the actions : A r\ Pi are, up 
to reductions, cocycle conjugate through a state preserving isomorphism. □ 

5. Proofs of Theorems A to D 

Theorems A and B follow now easily from Theorem 4.1. Nevertheless, we give a detailed proof 
for the convenience of the reader. 

Proof of Theorem B. Let Aj be icc groups in the class C, and {Pi, (pi) be nontrivial amenable 
factors with normal faithful states such that {Pi)(j,^^a.p are factors. Since the class C does not 
contain amenable groups, the action Aj Aj has no invariant mean. It is obvious that every 
nontrivial g G Ai moves inhnitely many points of Aj. The result follows now directly from 
Theorem 4.1 with /j = A*. □ 

Proof of Theorem A. For i = 0,1, let Aj G C be an icc group, and let {Pi, (pi) be a nontrivial 
amenable factor with a normal faithful weakly mixing state (pi. Obviously, if Aq — Ai and the 
actions Aj rx- {Pi, (pi)^* are conjugate, then the von Neumann algebras Pf^^ x Aj are isomorphic. 
Assume conversely that {Pq,(Po)^° x Aq = (Pi,(/>i)^i x Ai are isomorphic. 
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Since 4>i is weakly mixing, A^. has no eigenvalues, and hence we have that (-Pi) 0 ,ap = C for 
i = 0,1. By Item (ii) and putting {pi = we then also get that {P- '')vi = C. Applying 
Theorem B, we get that the groups Aj are isomorphic, and that the actions A* are 

conjugate modulo the isomorphism Aq — Ai, through a state preserving isomorphism. □ 


For the proof of Theorems C and D, we recall the notion of a generalized 1-eoeyele. Let a : G ^ 
Aut(M, (/?) be an action of a locally compact group on a von Neumann algebra {M,(p) with an 
n.s.f. weight ip. A generalized 1-cocycle for a with support projection p G is a continuous map 
w : G ^ such that Wg G pMg,ag{p) is a partial isometry with p = WgW* and ag{p) = w*Wg, 
and 

Wgh = ^{g, h)wgag{wh) for all g,heG, 
where il{g, h) is a scalar 2 -cocycle. 


Proof of Theorem C. For i = 0,1, let Aj be a direct product of two icc groups in the class C, and 
let {Pi, (pi) be a nontrivial amenable factor with a normal faithful state (pi such that {Pi)(j,^^a.p is a 
factor. Assume that {Po,(po)^° xi Aq = (Pi, (pi)^^ xi Ai are isomorphic. Putting ipi = (pf\ we get 
by Theorem B that there exists projections pi G {Pf^’')ipi, such that the reductions of Aj P^^ 
by Pi are cocycle conjugate modulo the isomorphism Aq = Ai in a state preserving way. By 
amplifying both actions, we may assume that either po = 1 or = 1. By interchanging Pq 
and Pi is necessary, we now assume that po = 1. Identifying A = Aq = Ai, writing Ni = P^^ 
and denoting the action A rr Aj by a*, this now means that there exists a state preserving 
isomorphism xp : Nq ^ Pi^iPi and a generalized 1-cocycle {vg)g£\ G {Ni)^^^ with support 
projection pi for ■. K r\ Ni, such that o a^g = Ad Vg o agO ip for all 5 G A. 

Put M = (Pi)^ap {^i)(pi = by Item (ii). In particular, Vg is a generalized 

1-cocycle for the action A r\ M. Since the action A r\ P^° has no nontrivial globally invariant 
subspaces, also Adu^ o ag on M has no such invariant subspaces, and it follows from [VV14, 
Corollary 7.3] that Vg = y;( 5 ()u*ag(u) for all g G A, where x : A ^ T is a character and v G 
satisfies v*v = pi and vv* = 1. Then Adu o ip : Nq —)• Ai is a state preserving isomorphism 
implementing a conjugation between the actions A rr P/^L □ 


Proof of Theorem D. Let A* be icc groups in the class C, and {Pi, (pi) be nontrivial amenable 
factors with normal faithful states such that (Pi),jii,ap are factors. We only need to show that if 
P^^ XI Aj X Aj are isomorphic, then the groups Aj and the pairs {Pi, (pi) are isomorphic. Assume 
now that (Pq, (po)^° x Aq x Aq = (Pi, X Ai X Ai are isomorphic. Applying Theorem 4.1, and 
proceeding exactly as in the proof of Theorem C, using in particular [VV14, Corollary 7.3] and 
the weak mixingness of Aq x Aq P^“, we obtain an isomorphism 5 : Aq x Ao ^ Ai X Ai and 
a state preserving isomorphism ^p : Pq ^ P^^^ satisfying ip o o ip for all 51 G Aq x Aq. 


Here we denoted the Bernoulli action Ai x Ai r\ P^^ by a*. An argument from [PV06, Proof of 
Theorem 5.4] (see also the last two paragraphs of the proof of [VV14, Theorem C]) now shows 
the desired result. □ 
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